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Abstract—The simplest boundary problem of unstationary heat-conduction equation, with the source
depending on temperature as exp (—E*/T) is investigated in this paper.

The uniform convergence of successive approximations is proved for the corresponding integral
equation; the solutions have been calculated in the first approximation at various limit cases. It has
been also shown here that in the absence of ““explosion” the temperature at each point will not exceed at

any moment of time the corresponding stationary temperature.

Résumé—Ce travail traite du probléme aux limites le plus simple de I’équation de la chaleur en

régime non permanent en présence d’une source dépendant de la température comme exp ( — E*/T).

La convergence uniforme des approximations successives est démonstrée pour I'equation intégrale

correspondante; les solutions ont été caluculées pour la premiére approximation dans divers cas

limites. On a montré aussi qu’en ’absence d’*‘explosion” la température en chaque point ne dépasse &
aucun moment la température correspondant au régime stationnaire.

Zusammenfassung—Die Arbeit behandelt ein Problem der nichtstationdren Warmeleitung mit ein-
facher Randbedingung, bei welchem die Wirmequelle von der Temperatur nach der Funktion
exp (—E*/T)abhingt.

Die gleichmaéssige Konvergenz fiir die aufeinanderfolgenden Approximationen wird fiir die ent-
sprechende Integralgleichung nachgepriift. Losungen werden als erste Niherungen fiir verschiedene
Grenzfille angegeben. Es zeigt sich auch, dass, abgesehen von “Explosionen”, die Temperatur an

jedem Punkt zu keinem Zeitpunkt die entsprechende stationidre Temperatur iiberschreitet.

AHHoTaUMA-—B paGoTe uccaemyetca HpocTeliasg KpaeBas 3ajada HeCTALNOHAPHOTO ypaBHe-
HUA TIIONPOBOAHOCTH ¢ MCTOUHMKOM BaBUCALNNM OT TeMIEPaTypH Kak exp (—E*/7T).
JdokaseBaeTcA PaBHOMEPHAS CXOMHMOCTh MOCTEAOBATENBHLIX TNPUOIIKeHH M
COOTBETCTBYIOIETO MHTETPAIBHOTO YPABHEHNA; BRIYICIEHEI B IIEPBOM NIPIOIINAKEHUN POIIeHIA
B PARIUYHBIX NpefenbHEX cayyaax. [Iokasano Takke, 4To 1PN OTCYTCTRUM «B3PLIBAY TeMIle-
parypa B Kapmoll Touke He Gy/ieT TIPEBHIIATE B JIFOGONH MOMEHT BPEMEHH COOTBETCTBYIOIIYIO
CTALUOHAPHYIO TEMIIEPATYPY.

IN A number of thermal conductivity problems,
e.g. in the case of heat-transfer problem in the
capillary—porous media in the presence of chemi-
cal conversionst [1], or in the case of heat
explosion problem [2, 3], we may meet the heat
conduction equation with the heat source
depending on the temperature as

E*
exp (——T)

where E* = E/R is the activation energy
expressed in degrees and T is the absolute
temperature.

t As was recommended by Academician Luikov.

s

Let us consider the boundary problem for the
equation

oT K E*
o —ave 220 —
5 aveT + o exp ( T ) ¢y

in the range limited by two paralle! infinite
planes x = 4/

8T, 1)
T(l: t) - Tc’ _ax

=0;Tx0=T7, (2

Now we introduce dimensionless variables and
can take advantage of the similarity criteria.
known in the heat-transfer theory [1]:
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where Fo is the ordinary Fourier criterion of
homocronism and Po is the modified Pomerant-
sev criterion.

If we designate the Green function of the heat
conduction equation for the range 0<C¢<{1,7 >0
through Y(¢ &; v — =) then for 6(¢, 7) the
integral equation takes place:

r {1
66, ) — ¥ (& 7) + H Y& £ 7 — 1) X

exp[ B s ):! d+'d¢ @)

where
1 {3
&25:%

exp [—#¥n + $Pr]cos (n + P=é (5)

and the Green function
Y& E5r - 1) :%{ﬁz[
e et G

The 9-function on the right side of the equation
(6) is determined by the equality {4]:

X

WE ) =0, — > (@, —

£+ ¢

o] ¢

Do, iv) =2 E exp [—m(n + H2)]cos 2n+ 1) 7ru
n=0

Note that the Green function is symmetric with
reference to the variables ¢ and ¢ and has
nowhere negative values in the range under
consideration.

It is possible to solve equation (4) by the
method of successive approximation of the form

On+1) (€, 1) = (&, 7) -+
+ j f Y(£, £ 7— ) X

¢ Jo
1 e
oxp (= gz 26
(n=01,...)

0O(¢, 7) = (¢, 7); M
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If the parameter ¢ is small enough then it is
possible to show that the succession of functions
converges uniformly to the solution of the
equation (4).

For the proof it is necessary to compose the
difference

HrHD (£, 1) — B (€ 7) =

_ eﬂf Y& € 7 — )
i
IR AR IR

BONE, 7Y —9D(E, 1) S
[00(¢, ') —8e-I(¢, 7)]d'dE" (8)
It should be noted that,

oty — @M >0, since §ONE 1)

=y 1) =0

and

Y, €57 —1) =0
If we designate the maximum of the difference
g+ — 9 through M, ; >> 0 then from the

equation (8) it follows that
My << AM,
where )
A zmaxéey jl Y
L 0Jo

[exp (—1/809) — exp (—1/9 "‘“1’)] dr'd §,¥

gm -1

It is easy to make sure that 4 < 1, if € << &¥2-
In this case there exists a limit function of
sequence (7) which is the solution of the equation
).

Let us assume the above-mentioned method to
get the approximate solutions in some ordinary
limit cases. To begin with we shall take the
solutions at large values of +. As a zero approxi-
mation it is convenient to admit the stationary
temperature distribution which is described by
the equation

d*0.(¢)
e T e""( “‘;;(s)) ©)
with boundary condition as
. . dast(o) o
b (1) = B3 35~ =0 (10)
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The solution of this equation is of the type:

est(g) du

j V/ [0 €xp (—1/6,,) — uexp (—1/u) +
B

=4/Q2e)(1— 9 an

+ Ei(—1/8,) — Ei(—1/u)]
where the parameter 6,, is the maximum value
of 6.,(¢), which can be achieved because of
symmetry at ¢ = 0, and
J ¢’ dr

is the integral exponential function.

The solution (11) agrees with the boundary
conditions not at any values of ¢ [2, 3] if € is
greater than some «¢,,, then the establishment of
a stationary state is impossible. It means
physically that heat supply exceeds heat output
and the heat explosion will take place. The
critical temperature g corresponding to the
parameter e, is being determined from the
equation:

Ei(x) = —

(12)

b,
N B exp (—1/8,) — O, exp (—1/0) T ©
Ei(—1/0,,) — Ei(—1/6,)]
6,, exp (—1/8,,) — uexp (—1/u) +
_+_j9md + 2Ei(—1/8,,) —2Ei(—1/u)
[0, exp (—1/8,) — uexp (—1/u) +
+ Ei(—1/8,) — Ei(~ 1/}
=0
[2] gives a physically interesting case of the
latter solution when 8,, differs slightly from ..
So, at € < €., and 7 > 4/=® the approxima-
tion to the stationary state is being described by
the relation
w2
06, ) = 0,46 + rexp (~ T )
|| ouercosT ey

cos 5 E [00

where 8,(£) is given by the formula (11).

Normally such a case as § € (T <€ E*) takes
place in chemical kinetics. This allows one to
simplify the initial integral equation by the
method of “steepest descent”; for large
(> 4/m®) we have:
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0(¢, 7) = 8.(6) — *exp(—%z‘r)

cosgf [Bc — 0,42 \/(%;)ﬁ”‘ exp (—Z‘l’—m)]
(14)

6,, has been determined above,

Now we shall consider another extreme case,
when = is small. Here we can take the initial
temperature 8, as a zero approximation. It is
possible to simplify the kernel of the integral
equation using the known relation for #-func-

tions [4]:
u? u i
vo o (=75 o)

and retaining only the principal terms in the
kernel at =~ — 0. All the integrations are being
easily carried out and we have:

792(“» i l)) =

-

6(¢, ) =0, + eexp (— 1/0y) {1 —ey

e JE)f0 - o (T

(1 Pex p(—ﬁ H)z) 2exp

(=) oo con ()
Jfr(a7) +

Oy — 0, 4+ eexp(~al~)
(5 ()
{00——9 + eexp(— 01)

[ ITEY

Finally, let us consider such a case, when the
parameter ¢ is small. One may get the solution
in the form of ¢ power series, taking (¢, ) as a
zero approximation (see (5)). At e—0 the
difference 6,, — 6, 0. If the time is large
enough then it is possible to neglect the second
term of (5) in comparison with the first one.
The same can be done at any point of time, if

(15)
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|6, — 6y] € 8, In the first approximation we
can easily get:

IV(1— ¢
0, ) — e, T)+eexp(d 50){_2{ -

250 (s ,
S5 G R L e 12
n=1
cos(n+ 1 /2)175} (16)

We tried on all occasions to write down only
the first approximations because of the bulky
results. It is difficult to get the higher approxima-
tions as it involves difficulty in calculation.

And now we would like to show, that the
temperature at any given point for the process as
a result of which the stationary distribution will
be established (e <C €,,), will not exceed the
stationary temperature in the same point. For
this the difference will be

A(¢, 7) = 0(¢, 1) — 0 (8)
The latter satisfies the integral equation
A(¢, 1) = (&, 7) +
T "1
A RCIEEEE
0Jo

/ [ﬁ ;1.“*] -
P ey AE )

—1
— cxp [G—c(ﬁ'ﬂ} d="d¢ (A7
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where

BE, 1) =2 % ([ [By— 8] x

n=0 0
cos (n + 1/2)ymé d€'} exp [—7¥n + 1/2)%7]
x cos (n + 1/2)mé

Applying the method of successive approxima-
tions to equation (17) we assume that

AOE, 7) = (¢, 7)

If we take into account that 4(¢, 7) < O (at
f, > #,) and give the reasons analogous to those
mentioned above in the proof of the existence of
the solution, then it will be possible to find that
41 js not zero at any finite 7 and the difference
40 — 4=~ ( at n— oC.
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